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PREFACE. 



The followiug Uttle treatise first appeared 
in Vas Nosthahd's Eh-ginebhikg M.i&AKiiTE, 
foL' which it wag written. The author 
hopea that he may be doing a service to 
American readers ia introducing to them. 
Dr. Soheffler'a Theory of Arches, the f«n- 
dameatal prlnoiplea of which are contaiaed 
ia the following pages. Vertical forces 
alone are coasiderod. Numerous esperi- 
meats are given in illustration of the theory 
advanced, both for symmetrical arehea as 
well aa for unaymmetrieal arehea, or arches 
unsymmetrically loaded. It is believed 
that the following theory is easily acc^uired, 
IS rapid in working aad agrees with exper- 
iment, and therefore can properly be called 
"A Practical Theory of Voussoir Arches." 
Wic. Oaim. 
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PRACTICAL TIIEOKY 

VOUSSOIR ARCHES. 



1. Tlie theory selected, iu the follow- 
ing treatise, is that of Dr. Hermann Schef- 
fler, * which will be quoted from literally 
in places. A sufficient number of experi- 
ments with wooden arches, probably to 
establish this theory, will also be giveii. 

It is necessary to consider the principle 
of the least resistance in order that the 
thrust, anywhere in an arch, iu direction, 
position and magnitude, may be located. 

The Eev. Canon Moaely is the author 
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of this priooiple, which has been ampli- 
fied by Dr. Scheffler in hia treatise aboYe 
alluded to. It may be briefly stated thus : 
Principle qf the least resistance. Lei 
the external forces which act upon a 
structure, be combined into one rsaultant, 

P; andlettheresiBtingforcesR'.E' ' 

be each decomposed into components re- 
spectively J. and H to the direction of P. 
Then will the components of If, E" 
■ - - = ± to P be the least that will 
cause ec[uilibrium, consistently with the 
physical properties of the body or 
bodies composing the structure. For 
the sum of the components || to P must 
equal P ; but the components J, to P are 
only brought into play from the peculiar 
disposition of the resisting surfaces of the 
etructure and there is no need for their 
further increase after they have caused 



As M. Fournie observes : This supposes 
first, "that the molecular actions, which 
constit'lte the reactions, take place with- 
out sensible velocity ; " secondly, " that the 
molecular b,' 
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ively : so that the system cannot arrive' 
at tbe position ot greatest tensions with- 
ont having passed through the positions 
of lesa tensions. Constructors willingly 
admit these propositions as plausible. 
The principle follows immediately." 

Example. * Let a beam, as in Fig. 1, 
lean against a horizontal wall at A and a 
vertical wall at B ; its extremities may 
slide on those planes, requiring friction 
to prevent it. Tho weight P of the beam 
acts through ita centre of gravity, and by 
tho above principle, if the resultant re- 
sistances at A and B be decomposed into 
vertical and horizontal components : the 
sum of tho vertical Gompoiients=P and the 
horizontal components must be the 
smallest that the friction, between the 
ivalle and beam, will admit of : hence the 
directions of the resistances F, Kj and 
Fi R| must be as near the vertical as pos- 
sible. But with regard to the physical 
disposition of the surfaces AE and BE, it 
ia necessary to equilibrium that the di- 
rections of E and E, make angles with. 
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the normals to BE and AB, at most, 
efiual to the angles of iiictiou ^ 




the ends of the beam on those pianea : 
hence take Ej & N = i^j which gives the 
direction of R,. As the direction of Ej 
must intersect that of Ej on P ; we have 
Fi El the direction of E,. 

It is evident that for incompressible 
Toussoira, the force E, passes through h 
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and R] through a, as this gives tlie least 
horiaontal thrust ; the directions of Ei 
and R; being more nearly vei-tical than 
when they pass throug.Iiany other points^ 
aa A and B. 

For an elastic, compressible beam ; 
as it will bend as well as oompreas at the 
edges, the force Ej will pass near edge c, 
and the force Ei near edge a. 

If by the construction above, E, a M 
becomes > 0i the beam will fall by slid- 
ing. The molecular resistances at A and 
B act along a portion of the surfacea tc, 
nA, for compressible beams, though they 
vary in intensity so that iheir resultants 
pass near the edges o and a. For the 
mere supposititious case of an incompres- 
sible beam, the resultants pass through 
the edges, and hence there is but one 
molecular force acting on a mathematical 
point at either 6 or a. An expenmen- 
tal proof of this theory will be given in 
Art, 10. 

Most writers assume the force R, as- 
horizontal, which is evidently only the 
case when there is no friction between 
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the beam and the ■vertical wall. Tliia ia 
among the untnie hypotheses that are 
often 30 eonfldaiitly stated hj learned 
juathematicians. 




2. * "We shall eousidor first an arch. 
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formed of two braucliea AC, BC, (Fig, 2), 
symmeti-ical and placed in juxtaposition, 
and comprised between two parallel ver- 
tical planes _l to axia of arch, " the arch 
being right cylindrical. " This arch, 
composed of vousaoirs in the shape of 
wedges, formed of incompressible materi- 
als, leans against two abutments at its 
extremities A and B, and is loaded not 
only with its own weight hut with any 
other weight whatsoever, distributed 
symmetrically on either side of the crown 
C. The mass of the ai'ch is subject to the 
laws of friction in its joints. The adhe- 
rence of the mortar, interposed between 
the Tonsaoira, being difKeult to estimate 
will not be considered," As the two half 
arches are symmetrical «s to the crown 
C, it is clear that the points of applica- 
tion, A and B of the reactions Ri and E» 
of the aui-faces of support, will be also 
symmetrical in relation to the vertical 
passing through the crown, and that the 
line AB will be horizontal, in whatsoever 
manner the points A and B may vary 
upon the surfaces of support. 
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If we decompose the reactions, Ri ancl 
Ej, into their horizontal and vertical com- 
ponents Pi, Q|, Pj, Qs, we should have 
Pi=Pj= the weight of half arch with its 
load, and the thrust Cii = Qj, should from 
the principle of the least resistance be a 
aninimum. 

Let us consider now one of the two 
halves, for example AC. Let EP, be the 
"vertical passing through the centve of 
gravity of this half with its load ; to hold 
this mass in equilibrium it is necessary 
that there exist at the crown a force 
whose direction CE passes through 
the point of intersection E of the vertical 
EP, with the direction of the reaction E,. 

As the vertical component of Ei equals 
the weight Pj acting through E, we cou- 
J3]ude, without diffleulty, that the tension 
at the crown C of tlio arch is necessarily 
equal to the second component Q,, of tho 
reaction E, and must be horizontal as it is. 

From what precedes we are allowed to 
■consider only a half-arch, leant against a 
fixed surface at A, and solicited by a hori- 
zontal force at 0. When there is equilib- 
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liiim, we shall seek the least value of this 
horizoncal force Q and its point of a 
'Oation at the 




3. (Fig 3). Let ah, a,b„ aA, bo the 
joints of an arch ; Pi, Pj, the vertical direc- 
tions of the ■weights of the parts ab Jia, ; 
abbj a, ; including the loads on the parts 
bbi, h,bi, ....', Pi,P, acting through the 
centres of gravity of the parts considered. 
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The horizontal force U combined with the 
reaction Es at the joint a^b, holds the part 
«SJj«; in equilibrium and similarly for the 
reactions on other joints. 

At the points where the direction of Qi 
cuts Pi, P5 , combine those forces with Q, 
the resultant of Ci and P, cula joints afi^ 
at Ai, which is therefore the centre of pres- 
sure on that joint. As the weight abbias 
with its load equals Pj and is the weight on 
joints «; b„ the resultant of P, and Q, will 
give the force ac-ting on a^b^ in direction, 
position and magnitude ; its direction cuts 
a.fi, at At, which is therefore the centre of 
pfessure on that joint. 

In the same way the resultants and cen- 
tres of pressure on all the joints may be de- 
termined. A broken line connecting these 
centres of pressure on the various joints 
is called by Dr. Schefiler the line of pres- 
sures. For Toussoirs indefinitely small it 
becomes a curved line. 

That granted, in order that the arch may 
remain in equilibrium, it is necessary : 

1, That the points of intersection 0', Ai, Aj, 
fall in the interior of the respective joints 
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ab, afii, Osb,. If for any joint tliis is not 
so, e.g., if tho point A, -was above b„ the 
mass abb, oj, would then turn around the 
edge b„ as an unresisted couple would be 
formed. To explain : suppose the resultant 
E, to pass outside of joint a, b, ; conceive 
two equal opposed forces, each equal to Ej 
to act at edge 'j, ; this does not disturb 
the equOibrium; then E, the force acting 
through A( (which is outside the joint) 
with its equal but not directly opposed 
force at 6,, would form the unresisted 
couple in question whioh causos overturn- 
ing. 

2. That the directions <!iA.i, c^, of the 
pressures upon the joints do not make 
anglesj with the normals to the roapeetive 
joints which esoeed the angle of friction. 
If it vras not bo, sliding at the joints in 
question vpould occur of the mass above or 
below. 

However, the friction of the materials 
usually employed in construction is suffi- 
ciently great to not give cause for fear 
aa regards sliding, generally. 

It is very easy to alter the direction of 
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the joints should eliding I 

hence it will not be considered further. 

It is to be remarked that the foregoing 
theory does not require horizontal resia- 
tanee in the spandrelj which is not generally 
built with the same care that is taken in the 
conetruction of the arch atones, and henee 
cancot generally be regarded as unyield- 
ing i hence when a line of pressures such 
as CA, As passes, somewhere, out of the 
arch ring, a serious derangement of the 
arch may occur, even though the spandrel 
may prevent its falling : hence ib appears 
to be a poor construction, to build such an 
arch, in preference to an arch in which 
the resultant pressures on the joints every- 
where keep within the limits of the arch 
ring. This will be adverted to again. 

4. It is necessary to demonstrate a few 
propositiona, to locate the true line of prea- 
surea, corresponding to the minimum of 
the horizontal thrust. 

The Touasoira will be considered indefi- 
nitely small ; hence the line, drawn through 
the eentres of pressure at each joint, will be 
a curved line, which is probably what it ie 
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in real aroteg, with, vouasoira of any size. 
As before remarked, Dr. ScheiHer calls tliis 
line, tlie liTie of pressures. 

None of the joints will b^ supposed to 
make angles to the left of tlie vertical, 
looking upwards, greater than 90° 

*(See Kg. 4.) If we vary at will the 
greatness and point of application of the 
horizontal force Q at the crown, wo obtain 
curves which mutually cut each other. 
But two such curves, lehich cut each other 
in any point whatsoever^ D, will cut each 
other only at points situated upon the same 
horizontal as D ; otherwise ikey loiU not 
meet again in any point a!>ove or Mow this 
horizontal. 

To demonstrate these propositions, let P, 
be the weight which corresponds to the 
joint thai the curre of pressures traverses 
at the point D. Letj)i=:^ distance of the 
point D from the vertical through the cen- 
tre of gravity of the weight Pj. 

The moment of P, in relation to D is 
thus PiPi. If Q is the horizontal pressure 
at C and 2 the depth of the point J) bolow 
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the horizontal through the point C, £Q i& 
the moment of Q as to D ; D being a point 
of the cuive of pressures. 




We liavo the cliai'acteristio relation, 
sQ^P,;?,. Let F be another point of the 
same curve at the same, height as D. Let 
P,, Pn, be the weight and lever arm, corres- 
ponding to tlie point F : z(X=7^pi wlience 

If now a new curve of preasirres is sup- 
posed to pass through D ; ^SjQs=P;ps)ajid 
eoueerjuently j,Ci,=PsPi.; hence it passes. 
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through F and cuts the first curve on the 

same horizontal as D,. 

Nest let there be I, a point of the first 

curve which is not at the same height as 

the point D ; Pj the weight on the joint 

which passes through I; p, the distance 

from I to the vertical through the centre of 

gravity of this weight and /*, the difference 

of level between I and D. We have for 

all curves, which pass through these two 

points, 

z Q =piPi and {h -(- z) Q,=pi'P, 

whence 

r. P:.P:. -P.P. n PiFi'^ 

U^ A ana 2 — p,f^.-^,i', 

according to which, while h has a finite 
value, Q and z have necessarily _fixecl 
values, which can correspond but to a sin- 
gle curve of pressures. 

Hence two different curves can never 
cut each other in two points situated at 
different heights. It may bo remariod 
that isolated weights may produce curves 
of pressure like either of those drawn in 
Pig. 4, though such curves are but rarely 
met with in practice. 
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The meeting of two curves at C, E, &, — 
with a horizontal tangent is a contact and 
not an intersection ; as we can consider the 
contact o£ the two curreB as the coincidence 
of two points indefinitely near on the same 
level. Foe points, such as D, which have 
no horizontal tangent, the meeting is an in- 
tersection and not a contact from the same 
consideration. 

In fact suppose for an instant that the 
dotted curve has contact only with the first 
at E. Suppose now the value of Q, to 
diminish from a change in the point of ap- 
plication of the thrust at the abutment. 
Prom a consideration of Pig, 3 we see that 
the curve will movo down the joint, to the 
riglit of B, and hence must cut the first to 
the right of E and above it. Its other in- 
tersections, it has just been shown are at 
P, N - - at the same level as D, the first 
point of crossing. 

These important propositions being estab- 
lished, the problem before us is the follow- 
ing : Among all the curves of pressure, 
possible, which lie in the arch ring, find 
that for which the thrust Q ii 
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and which by the principle of the least re- 
sistance is the only true one. 

5. (See Fig. 5.) Proposition ; — When the 
point F, of coiUaet with the extradoa, is 
higher than the point of contact M, with- 
the inn-ados, of a curve of pressures; it 
corresponds to the minimum of the thrust, 
•whether the point E, precedes or follows the 
point F, going alojig the curve from the 
orovm, to the abutment. 

Fig. 5 represents the last mentioned 
case, ■which is the most usual ; the other, 
being very rarely found in practice, will 
not be demonstrated. The case represent- 
ed by Fig. 5 is demonstrated as follows: 

1. If preserving the point of application 
K, we augment or diminish the thrust Q, 
the curve will either go outside of tho ex- 
trados at I' or the intrados at E, and hence 
win be impossible. This is easily seen 
from, the construction of Fig. 3, where a 
greater horizontal thrust moves the points 
Ai, Aj - - neater the extrados, a leas 
thrust toward the intrados. 

2. If preserving the force Q, we I'aise its 
points of application towards D, we obtain 
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a new curve, whicli is entirely above th.9 
first, ^hich cuts then the extrados about 




tie point F: it is tlien impossible. This 
may also readily be seen by a considera- 
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tioa of Fig. 3. If now we augment Q, the 
OTirve will be raised etill higher aear P and, 
of course, will go out of the arch ring and 
thus be less possible. 

3. If, however, with the point of applica- 
tion still above K, at K' for example, we 
diminish Ci so that the part of the curve 
near "F may become tangent to the extra- 
dos, it is necessary that this new curve cuts 
the first KPEI sometohere between F 
and K. By Art. 4, as F is below K, this 
intersection may take place in a single 
point (lower dotted line), or according to 
the particular form of the curve in an odd 
number of points on the same horizontal 
(upper dotted line) ; eo that, in all cases the 
new cuive wili be to the ught of the first 
curve between F and tho nearest point of 
intersection, but as bdow this last point 
the curve cannot meet again the first, it 
will remain cunstaiitlv to the right of it ; 
hence it will cut the mfiados near E. It 
is then impossible There cannot exist 
then a curve, uudei the assumed conditions, 
meeting the crown joint in a point higher 
than K. 



T, Gooylc 



24 

4. If now we lower the point K without 
chaiiging Q, the eiirve will cut the iutra- 
dos above E, as it must remain below and 
to the right of the first curve; and for 
a stronger reason if Q, ia dimiiiiahed. But 
if we increase the value of Q, in this new 
point of application below K, sufflciently, 
the curve may remain entirely in the infe- 
rior of the aroh, and generally an indefinite 
number of curves of pressure can be drawn 
in the arch, Prom what precedes, it fol- 
lows that the curve K F E I, corresponds to 
the minimum of Q, since for the point K 
there is only one curve, for a point above K, 
there cannot exist a curve, and for a lower 
point, there are only carves corresponding 
to greater values of Q,. 

It will frequently happea that P coin- 
cides with D, and B with A ; in which cases 
the meeting of the curves with the extra- 
dos or the intrados is not necessarily a con- 
tact. The preceding demonstrations never- 
theless bold. 

6. When the point of contact 'F with the 
estradoa is lower than the point E of the 
intrados, the curve of pressures corresponds 
to the maximum of the thrust Q. 
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It would be foreign to the purpose of 
this article to demonstrate this; (which is 
however easily done in the manner just 
shown ; and in the sanie way the other case 
of the minimum is easily demonstrated) or 
to give all the eases where rupture oooni«, 
which Dr. Schefder has so fnliy illustrated. 

Suffice it to say that the whole theory of 
cnrvea of pressure is solved by him as 
simply as artistically. As he remarks : * 
" An exact knowledge of the actions that 
are produced in an arch can alone give to 
the constructor the proper confidence to 
design the form of an arch, the thickness 
of the arch, the joints, and the abutments 
in such a manner as to assure the stability 
of all the parts ; and this is especially true 
of a new work, whei-e experience and 
analogy do not furnish the needed infor- 
mation." 

Numerous experiments will be given in 
the sequel, which will be found to agree 
with this theory, and to establish it prac- 
tically, taking into consideration the com- 
pressibility of the materials used. 
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7. Before going further, it would be as 
well, perhaps, to make some remarks 
about the effects produced bj the comprea- 
aibility of the voussoirs and mortar. As 
the lavrof that compreaaibility is unknown, 
we can not tell exactly how far from the 
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edges of the joints ia the nearest approach 
of the curve of preasurea in an arch. It 
may be kept in view though that the re- 
sultant pressure on any jointj can be ex- 
actly at the edge of the joint only for in- 
compressible voussoirs that can receive a- 
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finite effort upon a. n ath mat I lice. 
For a«tual bodies, tli s finite f must be 
distributed over a fi t f 

Let the molecular t wl h malie 
up tbe resultaut on a h j nt b uppoaed 
parallel in direction C n a plane 

passing tbrougb the resultant H (Fig. 6) 
oa any joint, parallel to the intrados at the 
joint iu question. 

Call a,n-elementary f-esisting force on one 
side of this plane/ and its lever arm in re- 
lation to that plane I. Likewise call/' and 
V an elementary force, and its lever arm on 
the other side of this plane ; then we must 
always have 

:S'/;=2/' I' 

It Is evident that if at any joint tbe re- 
sultant passes near an edge b, tliat -2/ia 
much greater than 2 f,' && the last forces 
act with greater lever arms ; hence in any 
actual arch the resultant falls back a cer- 
tain distance from the edge necessarily on 
account of the greater compression produced 
at that edge ; and this is moreover neces- 
sary to prevent crushing^, as our materials 
are not infinitely strong. 
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For example, in the head of the brii3ge 
of Nenilly, the horizontal thrust at the 
crown on a slice 1ft. in thickness is about 
109 tons, supposing the line of pressures to 
pass through the upper edge of crown joint. 
la reality it is at a certain distance from 
this edge, whicli if we knew as well aa 2 /" 
between that diataaee and the edge, we 
could form a better idea as to whether the 
surface in eluded was abl e to bear th e 
thrust. Thus suppose in this case that 
2/= J 109=82 tons and on such a small 
surface as we shall find that it is uniformly 
distributed. If the crushing force of the 
stone is taken at five tons per sq. in , this 
would require a' bearing surface of 82 -^5 
==16 sq. in.; i.e. the resultant could pass 
within 1.33 inches of the edge without caus- 
ing rupture. Mortar has a much less crush- 
ing weight than good granite in blocks, but 
for a mortal- joint only say ^ inch thick, its 
crushing weight must approach that of 
some building stocea, and probably the re- 
sultant t-ould pass within 6 inches of the 
edge in tbis bridge without caoeing rupture. 
There are reported many cracks in the head 
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of this bridge. It is very probable though 
that the resultant retreats farther in the 
arch ring, for 8wi(t rolling loads could then 
too readily crush the edges, as the molecu- 
lar resistances take time to act and aasume 
their final magnitude, the curve of pressure 
changing with every rolling load. Again, 
take the viaduct Fig. 9, irhich is 50ft. span 
and 10ft. rise ; the horizontal thrust on 1ft. of 
thickness is 20 tons, which can be borne on 
a surface of 4 aq. in. by granite, the mortar 
i-equiring the liae of pressures to retreat a 
few inches from the edge. The depth of 
the voussoirs at the crown in this bridge is 
2.5ft.; for the bridge of Keuilly 5.3 feet; 
we thus see that the resultant may pass, 
proportionally to the depth of the voussoirs, 
very near the edge without causing crash- 
ing, and as on most bridges there is no 
crushing at the edges, we infer that this 
reeultant must pass a certain distance from 
the edge in every instance. 

The mortar may, besides giving a more 
intimate, and consequently a greater beai- 
iag surface, cause the line of pressures to 
retreat within the arch ring, thus distribut- 



T, Gooylc 



30 

ing the thrust a little more UDiformly over 
the joint. Suppose the centre of an arch 
struck as soon aa it is turned, while the 
mortar is still fresh at the crown ; for the 
usual forms of bridge arches, the mortar 
will be compressed, and in fact squeezed 
partially out at the upper edges of the joints 
near the crown, and this will be the more 
marked the thicker tlie joints. 

However, as the mortar hardens during 
the building of the spandrels, the line of 
pressure will afterwards approach the fop 
of the crown joint aa the arch is weighted 
down, any sinking of the crown being at- 
tended with a more intimate contact at the 
upper beai-ing*8Urfaoes at the crown. This 
becomes still more evident when we sup- 
pose a rolling load on the crown of an arch 
whose mortar joints have completely set, 
and likewise consider that the abutments 
yield slightly. 

Shaving off the upper parts of the joints 
near the crown would tend to counteract 
this. 

Dr. SchefEer thinks that, for good stone, 
if we can draw a line of pressures, within 
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tlie arcli, that nowhere approaches nearer 
the edges than i depth of joint, that the 
stability of the arch ia assured. 

Dr. W. J. M. Eankine gives ^ depth of 
joint as the nearest approach to the contour 
curves. 

The experiments that will be given show- 
very plainly that the total thrust on a joint, 
together with its special compressibility, 
alone locates the true curve of pressures, so 
that it will depend principally upon the di- 
mensions of the arch and surcharge ; for a 
small arch being very near the edges at tho 
joints of rupture, for a larger arch with a 
greater thrtist, at a greater distance &om 
these edges. 

It is a fact, in some existing arches, that 
the voussoira at certain points are pressed 
together Eear their edges, the joints slightly 
opening on the other side. 

At any rate wherever the engineer locates 
these circumscribing, limiting curves, to the 
curve of pressures, the latter must always 
conform to the minimum of the thrust in 
the limits chosen. 

If no curve of pressure can be drawn in 
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tbe limits, the depth of the voussoirs must bo 
in creased on part or the whole of the arch ; 
or the profile may be altered j or finally 
we may combina both of these methods 
to secure stabihty. 




8. Let U3 consider as in Art. 2 a slice of 
the arch 1 unit thick. In Fig. 7, let Q= 
the horizontal thrust (compare Fig 3 
throughout) ; q, its vertical distance below 
the apex C ; P=weight of an air h and load 
C A on joint at A ; «=honzontal distance 
from A, the centre of piessuie ou the joint, 
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to the vertical passing through the centre 
of gravity, P ; A=vertical distance between 
C and A ; &=vertical distance between M, 
the point of application of Q at the crown, 
and A. 

If we consider another point A' of the 
curve of pressures, at a vertical distance 
above A^=6, we shall have an analogous 
notation P,, «i, bi. 

If we know the points M tfud A, we havo 

ap = 6a .-.a ="5^ (1). 

If we know any two points aa A, AV 
a P= 5 a = {&' + e) Q ; also a' F = b'Q!' 

hence ^ = ^ 'f ^' (2). 

q = h -"^ (3) 

Having obtained from cq. (1) or eqs. (2) 
and (3), Q and its point of application at 
the crown, we find where the resultant pres- 
sures cut each joint as in Art 3, and if these 
points aro within the proper limits of 
the arch ring and satisfy the minimum of 
the thrust, the curve is the true one. From 
eq. (1) it ia evident that G is smaller as b 
ja greater or a smaller ; hence the true 
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curve Trill pa^ as near C, and the lowest 
point of the joint at A as the compressibili- 
ty of the material will admit of. 

If the first curve drawn, passes outside of 
the prescribed limits in one or more places; 
take points on the limiting curves opposite 
the points of maximum departure, and by 
«qs. (2) and (3), pass a curve through two 
of these points. 

If the arch is stable at all, it will almost 
invariably be found in practice, that the 
last curve so drawn will fulfill the roq^uired 
conditions of remaining in the prescribed 
limits and corresponding to the mini- 
mum of tho thrust. If not a third approx- 
imation may be tried, and so on. 

In all the numerous aad varied examples 
that Dr. SchefQer works out, ho never re- 
sorts to a third trial ; and in practice, after 
becoming familiar with the leading cases, 
the first trial is generally sufiicient, when 
the limiting curves are assumed, as the 
vrriter can testify to from experience. Thus 
this theory does not demand an unlimited 
number of gropings as Poucelit asserts,* so 



T, Gooylc 



35 

as to render tbe meiliod nearly illusory in 
practice. 

Let us now pioceecl to show how to 
find the centres of gravity of the weights 
ahbia^, ahb,a.h (Pig. 3), as also the magni- 
tudes of those weights. If the arch ia 
loaded with any weights, reduce them to 
the same specific gravity as that of the 
masonry of the bridge supposed homoge- 
neous, as follows : Lay down these weights 
in their exact positions on the arch and 
alter the vertical dimensions to conform 
to the specific gravity ol the stone. We 
shall thus substitute blocks of stones, by 
scale, for the surcharge of earth, water, 
etc., or the rolling load. 

By this means we have the solid con- 
tents of abfi,a„ etc., proportionate to the 
weights P„ Ps ■ - - and hence can be ta- 
ken for them. 

We now divide the horizontal through 
A (Fig 8) into an appropriate number of 
parts and through these points of divis- 
ion, draw verticals from the intrados to 
the curve DE that limits above tho load. 

Regard each trapezoid DGG'D' as a 
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, and calculate its surface by 
multipljing its horizontal width AA'by the 




mean vertical dg. Nest regai'ding the 
centre of gravity of each trapezoid as that 
of the corresponding rectangle, we shall 
find the centre of gravity of the trapezoid 
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PD'G'U, for example, to be upon the 
mean vertical dg. which equally divides 
the horizontal AA.'. Draw tlii-ough C, the 
joint CH; the weight DD'G'G wiU be 
considered as resting on the joint CH ; 
which is in excess by the small triangle 
CG'H, an error too small to be regarded 
in flat arches. 

There-is, however, given by Dr. Scheff- 
ier, a very simple construction for a closer 
approximation to the truth. Further on 
will be indicated another method, which 
gives all desirable accuracy for any form 
•of ar«h. In feet, considering that in prac- 
tice arches are neither homogeneous nor 
symmetrical, perfect accuracy is not ne- 
cessary, as there should be a margin left 
to allow for these variations always. In 
the case of the experiments with the wood- 
en voussoirs, the writer has ifsed a meth- 
od which leaves nothing to be desired on 
the score of simplicity and accuracy. 

Now if we multiply the surface of each 
trapezoid by the horizontal distance of its 
centre of gravity from A; the sum of these 
moments divided by the sum of the trape- 
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zoid surfaces (which ai-e also the volumes), 
will give the horizontal distanco from A 
to the centre of gravity of the whole part 
considered. This method will thus give us 
the weights P, Pj - - - (Fig. 3), as well as 
the horizontal distance of their centres of 
gravity from the crown. 

First Example. — Let us illusti-aie hy an 
example of a railroad bridge (Fig. 9) of 
50 ft. span and 10 ft. rise, the arch being 
a segment of a circle ; voussoirs 3.S deopj 
the spandrel walls rising 2.83 ft. above the 
summit of the arch ring. The arch is 7 
ft. thich, but we shall consider hut a ver- 
tical slice of it 1 ft. thick. 

In the following table, the first colums 
gives the number of the joint from, the 
crown ; the second (w) the width of the 
lioriaontal divisions AA', A' A"- - of Fig. 8; 
the third (v) the corresponding mean 
heights dff - - -; tho fourth (s), the prod- 
uct of these dimensions, giving thus the 
surface of each trapezoid. Column, (c) 
gives tho distances of the centre of grav- 
ity of each trapezoid from the crown ; 
column (ra) the product of (s) and (e). 
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Now we cumulate, giving from the crowa 
in the next two columns these surfacea 




and products (s-f-c); column (S) being 
formed by adding the surface of each 
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trapezoid to the total surface, just found, 
■which precedes it. The last quantity in 
column (S) should = sum of column (s). 

In the same v/ay, column (M) contains 
the continued sum of column (m), and 
hence its last number should equal the 
sum of column (m). Dividing now the 
numbers in column (M) by the corres- 
ponding ones in column (S) we get, col- 
umn (c), the horizontal distances of the 
centre of gravity of each weight P„ Pj ~ 
— corresponding to joists 1, 2 - - - from 
the crown. 
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The preceding table shosvs that the 
surface (or content, for a slice 1 ft. thick) 
of the half arch with its load equals 235.& 
sq. ft.; its moment as to the crown is 
3771,61 and the distance of its centre of 
gravity from the joint at the crown is IG 
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■ft. Hence (sue Fig. 7,) we have to pass a 
curve of pressures, tlirougk the crown 
joint, ^ of its depth from the Bummit of 
the arch and through joint 6 at ^ of its 
depth above Ha lowest point, if we decide 
on account of shoclie due to passing loada, 
imperfection of workmansliip, etc., to re- 
quire that the curve of pressures shall not 
pass outside of the middle third of the 
arch ring. By measurement on the draw- 
ing (Fig. 9) we find a=25.6— 16=9.6. 5 
= 11.2. We have also P=235.9 cubic feet 
of atone ; hence by formula (1) 

a -= "/- = '-^'lil ^ ■ = 202 cubic ft. stone 
which may be reduced to tons, when de- 
sired, by multiplying by the weight in 
tons of a cubic foot of atone. 

If now at the points of intersection of 
the horizontal through the point of appli- 
cation of Q at the crowu, with the verti- 
cals passing through the centres of grav- 
ity of the surfaces given in column (S}j (P, 
Ps of Fig. 3), the points of intersec- 
tion, of the resultants of Q with these 
s Pi, Ps . . . . with the corret 
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joints, will be points in the curve of pres- 
snrea sought. 

For example, to determine where the 
line of presstires_cuts joint 4, lay off the 
distance in column (C), 11.3 horizontally 
from the crown,^theii on a vertical lay off 
upward from this point the correspond- 
ing ■weight on joint 4, given in colnmn (S) 
144.5 ; drawing a horizontal line, through 
the last point found^Q, we get the re- 
sultant by completing the triangle of 
forces. 

Producing this resultant to intersection 
■with joint 4, will give the centre of pres- 
sure on that joint. It will be advisable, 
in practice, to prick off the centres of 
gravity, taken from column (C), at one 
operation and number each one with the 
number of the corresponding joint to 
avoid mistake. 

On continuing this construction for 
each joint, we shall find that the Hue of 
pressures remains ■within the inner third 
of the arch ring. 

It may be remarked that the small tri- 
angle mentioned is in excess only for the 
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joint ic question ; thus this error is not 
carried OE. Tlie ordinary method of 
iionsti-ucting a line of pressures is to com- 
bine any resultant with the next weight 
following, regarded as concentrated at its 
centre of gravity. 

By this construction any small error in 
draughting is carried on, whereas, by Dr. 
Scheffler's method, it is confined only to 
the Joint where it occurs first. 

With accurate instruments and care, 
using a sufficiently largo scale, this math- 
od of Dr. Scheffler's should answer all the 
requirements of accuracy, and will gener- 
ally he found the shortest in the end ; 
whereas, with many joints, it is difficult to 
locate this curve precisely by the ordinary 
method. 

Second Example. — (Fig. 10.) Suppose a 
load of two 40-ton engines, one on each 
side of the crown, over divisions 2, 3, and 
4, i. e., 15 ft. along the rails. We shall 
suppose it to bear only on 6 ft. of the 
thickness of the viaduct. Calling the 
weight of a cubic foot of stone^.07 ton 
and h, the height of the block of stone 15 
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ft long by G ft. wide that is required to 
weigh as much as oni! engine; we have 



6 X 15 X /"^ ■07 = 



40 



. A = 6.3. 



"We now form the followiiig table 
which refers to Fig. 10, which as the arch 
and load is symmetrical, represents, as 
before, only one-half the avch. 
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A line of pressm'es passing throngh the 
middle of the crown, the point on the 
springing joint, as before, will be found 
to be contained inside of the limiting 
curves, and is drawn as in Fig, 10, taking 
care to lay off the centres of gravity on 
the prolongation of Q. We find in this 
case a=25.6 - 15=10.6, P=330 &=10.7. 



.-.Q: 



330X111.6 






23 tons. 
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If it is desired to draw the curve cor- 
respoading to the minimum oJ the thrust 
ila the limits chosen, we resort to equa- 
tions (2) and (3). As the nearest ap- 
proach of the last ]ine of pressures drawn 
to the outside limiting curve, is at joint 2 ; 
(pass a curve of pressures now through 
"the point of intersection of that outeide 
limiting curve with the second joint and 
■the previous point at the springing joint. 

We find P = 330, « = 10.6, e = 9.8 and 
from table 2, column (S) P, = 89; irom 
column (c) and the drawing «,=: 9.8 - 6 
= 3.8. 

Erom (2) 



Trom (3) 

q = h -"^=11,9-3 - 1^ = 1-04 

Laying off this latter distance, from the 
■nummit of the arch ring, downwards, we 
draw the curve as before. It is every- 
ivhere within the proper limits. It is not 
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drawn in the figure as it passes very near 
the first curve. 

If vre suppose an engine of 13.3 tons 
■weight to rest on division 3 on both sides- 
of the crown, along 5 ft. of the length of 
the rails, we shall find by forming a table 
and constructing the line of pressures a» 
before, that it passes slightly below the 
upper limit at the crown, and is every- 
where contained in the middle third of 
the arch ring. 

A curve of pressures for a uniform loaiS 
of 1.5 tons per foot along the whole length 
of the bridge, will be found to follow very 
closely the curve drawn in the first exam- 

pl6. 

One or two more suppositions of isola- 
ted weights, symmetrically placed, were 
made, but in all cases it was found that a 
curve of pressures could easily be drawn 
in the inner third of the arch ring. The 
thrust is too small to fear crushiEg, and 
the directions of the thrust are inclined to 
the normals of the arch joints at angles 
much smaller than the angles of friction, 
hence sliding is not to be feared. 
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We conclude that thus far the arch has 
stability. 

9. — It occurred to the writer that if the 
actual line of pressure in an arch composed 
of incompressible voussoirs, tonclied the 
contour curves, as shown in Art. 5, that 
it should hold very nearly in the case of 
experiments with light wooden arches, 
whose weight is not sufficient to produce 
much compressibility. It will be seen 
that this law is beautifully illustrated by 
these simple experiments. 

The experiments by the writer were 
made with great care to endeavor to meet 
the requirements of an exact science, 

Mr. Wm . Bland has published in Wealo's 
series a book entitled, "Experimental Es- 
says on the Principles of Construction in 
Arches, Piers, Buttresses, etc.," (1867), 
which contains experiments that we shall 
quote fi'om. The preference will, how- 
ever, be given to the writer's experiments, 
as we do not know what care Mr. Bland 
used in cutting out the voussoirs, in keep- 
ing the span invariable, piers vertical, and 
applying weights, etc. 
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To avoid mistake, the followiug nomen- 
clature will be adopted: 

Depth of a voussoir is the dimension in 
the direction of the radius of the inttados 
j_ to the axis of the ai-ch. 

Thickness of an arch or pier is the di- 
mension II to the axis of the arch. 

Width of a pier is its horizontal dimen- 
sion j_ to the axis of the arch, 

Height is measured vertically. 

The dimensions will aU be giveu in 
inches. 

A Gothic arch {Fig. 11) of 14 in. span, 
and 12.12 in, rise, was cut out of a pop- 
lar {tulip tree) plank, 3.65 in. thick, con- 
sisting of 8 voussoire, each 3.65 thick, 2 
deep, and 4.08 along their centre line 
from middle to middle of joint ; each vous- 
soir weighing .52 lb. Quite a nura.ber of 
voussoirs were cut out of the same layers 
of fibres and those selected that weighed 
exactly the same; the voiissoir to be tried 
being hung to one end of a delicate bal- 
ance beam, with a voussoir of the stand- 
ard weight at the other end. The two 
s at the crown not being cut out 
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of the same layers of fibres as the others, 
were shaved off about the middle of the 
extractos (not touching the joints) so as 
to weigh exactly 1 voassoir of the stand- 
ard weight and their centres of gravity 
were found experimentally, and found to 
be at exactly similar points in both vous- 
eoirs, so that the entire ai'ch was symmet- 
rical as to the crown. 

The centres of gravity of the othei- 
Touasoirs ai'e taken on the arc of a circle 
passing through the middle of the joints 
and for any ■voussoir equidistant from 
the joints bounding that voussoii-. For 
vouasoirs whose aides are little inclined, 
this is sufficiently near the ti-uth, and by 
dividing the arch ring into a sufScieiit 
number of artificial voossoirSj the result 
may be made as accurate as we please. 
Still as no wood is homogeneous the re- 
sults can only be regarded as approxi- 
mate as compared with the hypothetical 
homogeneous arch ; still auificientiy near, 
to establish the laws heretofore demon- 
strated. 

When this arch was set up, the joints 
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apparently fitted perfectly, and on placing 
a drawing-board by the aide of the arch 
and tracing off its contour curves, if was 
found to be a perfect Gothic whose arcs, 
composing the contour curves were cor- 
rect arcs of circles described from the 
springing points opposite. 

A number of rectangular woodon bricks 
of exactly 1 voussoir in weight, of various 
sizes, were also cut out, as well as half 
bricks, quarter bricks, etc., and some sol- 
id rectangular piers of various dimen- 



A Yousson IS taken in the unit of weight 
In expeiiments ^Yhele weights weie 
placed upon the top of the aioh an as 
siatant added buck aftei biick caiefully 
balancing the load it the top on eithei 
side by the fingers, until the aichieached 
its halancing point ; i. e., the point where 
it stood with the weight, but fell with a 
slight jarring. 

The two bottom voussoirs were, when 
necessary, kept from sliding by two fas- 
tening tacks being driven into the board 
on which the arch rested,.i>ressing against 
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the arch .03 above the springiEg line, or 
so little that it may be disregarded. The 
board was carefully levelled at every esper- 
imeiit by a spirit level, and the span kept 
invariably at 14 in. 

There was little or no vibration in the 

First Experkiie-nL — With 8.2 vouesoirs 
on the summit of the arch it stood, though 
fell with 8.3 voussoirs on the summit; ro- 
tating on joints 2 on intradosal edge and 
at the summit; the arch being forced out 
at f.he haunches and falliog at the crown. 
(Sec Fig. 11.) 

The following table gives in its first col- 
umn tha number of joint from the crown; 
column s,ih(ielmientaryweigMs{^.l vous- 
soir being the weight on the summit that 
goes to each abutment, the weight of each 
vouseoir being taken as unity) ; column m 
gives the horizontal distance from tha 
crown to the centre of gravity of each 
voussoir with its load, if any, which, in 
this case, is also the moment in reference 
to the vertical through the crown of each 
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voussoir. Columns S, M, and C have been 
before explained. 
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Try a line of pi'esanrea, passing 0.1 from 
the upper edge of crown joint (i. e. at the 
summit) and 0.1 from the extrados edge 
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of the joint at the springing. From the 
drawing and table we find a = 6.3, 6 = 
14,27, from which equation (1) gives us 



The line of pressures drawn with this 
value of Q and passing through the points 
indicated cuts joint 2 at 0.1 from its lower 
edge. JFrom joint to joint 2 the line of 
pressures corresponds to the minimum 
of the thruat ; from joint 2 to joint i, to 
the maximum, for if the point of applica- 
tion at the crown is lowered to the point 
at joint 2, being moved from the edge, 
the same amount, the centre of pressure 
at joint 4 is moved to the left, outside its 
limiting position, which, as just seen, is 
in this arch 0.1 from the contour curves, 
for in no other position of the line of pres- 
sures than that first found, will it cut the 
joints of rupture 0,2 and 4, at the same 
distance from the contour curves, which, 
as the material of the voussoirs is nearly 
homogeneous, it is reasonable to con- 
clude, should be ihe case. As there can 
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be no greater nor less thrust, wecoocluiSe 
that the arch is on the litait of stahilitj, 
as the experiment indicates. 

0.1 is j",; of the depth of joint. 

Sliding would have occurred on joint 4, 
as the resultant on that joint made an an- 
gle of 24 deg. with the normal, but for the 
tacks before mentioned. 

The diagram.s for this and all the fol- 
lowing experiments were drawn to a scale 
of one-third the natural size, except in the 
case of some of the pier experiments. 

Second Experiment. — With the two 
Touasoira at the crown in one solid piece, 
the arch could not give by rotation, as 
the lower edge of crown joint could not 
open. With a sufficient pressure on the 
crown, there was sliding along joints 4, 
the coeificient of friction being small for 
these wooden blocks. 

We evidently have here a sufficient rea- 
son for making the keystone in one solid 

Third Ea:periment. — On placing a knife 
edge against a notch .03 deep, cut into 
the bottom voussoir, 0.4 above the spring- 
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ing line, on each aide, tlie arch balanced 
with 11.1 vouasoirs on the summit. The 
line of pressures tnuat now pass through 
the knife edges, and it will be found on 
constructing a diagram that it wiU pass 
about 0.1 from edges at joints and 2, as 
before. 

Fourth E.'^perimeiit.— {"Wig. 12.) Thesame 
arch stood, being very nearly on the bal- 
ancing point, on solid piers 10. high, 1.9 
wide, and 3.65 thick, each pier weighing 
2.3 vouasoirs, the intrados at the spring- 
ing being at the inner edge of pier. The 
piers were roade vertical by a spirit level, 
and their tops were upon the same level, 
in every experiment given. 

In the following table the pier is includ- 
ed opposite joint 5 of the first column. 
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To pass a curve of pressures 0.1 from 
the edges of joints and i), ivhieh will be 
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found to correspond to the minimum of 
the thrust, we find from the above table 
and the drawing 



irom which the curve of pressures in Fig. 

12 ia drawn, aa before. This curve ap- 
j,g la proacbes the in- 

tradoa nearest at 
joint 3, cuts Joint 
4 at .58 from the 
inner edge, and 
the base of the 
pier .2 from th© 
outer ed g& or 
about y'n the width 
of pier. 

Fijih Experiment. 
—With piers 40,47 
in. high, 3.65 wide, 
and 1.9 thick, 
weighing 10.1 
voussoira each, 
with the intrados 
on a line with inner 
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«dge of pier, the same arch balancecl. 
The pier was built of a solid block 22 in. 
iiigh, and 6 bricks placed on top, one 
above the other to make up the 40,41 in 
height. 

A line of pressures drawn .1 from sum- 
mit and .1 from intrados at joint 3, passes 
..') from outer edge of pier, or about -f width 
of pier. 

It will be found on constructing the 
diagrams for Mr. Bland's experiments, 
where the piers were built up of bricks, 
that in the case of low piers as in Figs. 
51, 52, 53, 54, 55, 45 {Exp. No. 5), and 46 
{Exp, 8), the hne of pressures passes very 
near the outer edge of the base of the 
pier; but as the piers were increased in 
height, this line approaches more and 
jnore the centre of the base, being in the 
case of a pier 6X6 base and 72 in. high, 
nearer the centre of the base, than its out- 
er edge. 

It is probable that this is caused by the 
out«r edge of every brick, when the line 
of pressures passes on that side of the 
centre, compressing a small quantity, as a 
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great many irregular surfaces of contact 
must cause a greater compression than if 
the pier was solid. Again, the additional 
pressure on the lower bricks of a high 
pier is an evident cause for greater com- 
pression than with a low pier. A high 
pier of many briclis appears to beiid in 
consequence of that compression of its 
many edges. It may be inferred from 
those facts that the greater the thrust in 
an arch the farther the line of pressure.'* 
retreats within an arch ; which we shall 
find to be so in the sequel. 

Sixth £cq)eriment. — The pier of Exp. 4 
(Fig. 12) was moved outward {from the 
axia o£ the aroh) so that wli=ii ita inner 
edge was .1 iiom the springing, it stood 
with no weight on the summitj when it was 
A from edge, it stood with 5 vs , fell with 
.6 vs.; .6 from edge, balanced with 75 .vs.; 
.6 from edge balanced with 7*1 vs , 7 from 
edge balanced with .S7 vs. ; 1.0 from edge 
balanced with .12 vs. 

From which we infer that the centre of 
pressure at the springing joint is .5+5.1 (to 
allow for compression) =.65 from inner 
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■edge of joint for a weight of .75 vs. on tbe 
summit or apex of the arch. On construct- 
ing the table and diagram for thia weight 
it will be found that theoretically the centre 
of pressure at the apringing joint is .63 from 
the inner edge, which differing only ,02 
from the distance found by experiment 
must be regarded as a beautiful experi- 
mental illustration of the theory. 

Seventh ExperirneiU. — The same arch stood 
easily with ,75 vs. on the summit, on aoHd 
piers, 22. high, 3.65 wide, and 1.9 thick 
each weighing 5.1 va. ; the arch fell with 
the addition of .12 vs. more. 

On constructing thia figure it will be 
found that the line of pressures, assumed 
0.1 from edges of joints and 3 as before, 
passes ,63 from inner edge of springing 
joint (as waa stated above) and cuts the 
base of pier .39 from its outer edge or 
about ^ the width of pier. 

EigMh Experiment.— O-a moving thia pier 
back as in the 6th Me2?. : 

0.47 the arch balanced with 1.12 v.s. 
0.53 " " " " 1.25 " 
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,59 the aruli balanced with, 1 25 va. 

.63 " " " " 1,25 " 

.7 " " " " 1.12 " 

1. " '^ " " 1.00 " 

Taking .58 as the probable distance aiiA 
adding .1, wo get ,68 as the probalile dis- 
tance back from tlie springing to the cen- 
tre of preesure of joint 4. On constructing 
the line of pressures for a weight of 1,25 
at the apex, passing 0.1 from the edge of 
joints and ?! as before, it will be found that 
the centre of pressure on joint i is .7 from 
the edge, which is agwn a moat striking 
coincidence, as it differs but .0^ from the 
joint found experimentally. Tiiese experi- 
ments were made with, great cave, keeping 
the span exactly 14 inches, piers vertical, 
etc., etc. 

Compare similar experiments by Mr. 
Bland (Figs. 56 and 51), where the same law 
ia established approximately. 

It ia evident from an inapection of the 
arches in churches (for examples see draw- 
ings in the latter part of Mr. Bland's treat- 
ise) that constructors were well aware that 
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a higher pier might be used when its inner 
edge was mOTed back a certain disfcanoc 
from the springing, which is equivalent to 
what we have established above. 

Ninth Experiment.— With the pier used in 
Exp. 4, and the same aroh, excepting that 
the two vonssoirs at tlie crown were in one 
piece, the arch and pier just balanced as in 
Ewp. 4. In fact, the arch and pier can eas- 
ily rotate on the third joint and the outer 
edge of pier. 

Tenth Experiment. — The same arch with 
piere 1.98 wide, 7.5 high and thickness of 
arch, each weighing 2 vs., stood easily when 
a cylindrical pin .03 in diameter was placer! 
at the lower edge of crown joint. This 
joint bore afc no other point, hence the line 
of pressures presses through the pin. As- 
suming it to pass .1 from the etlge of join!, 3 , 
the construction will show that it cuts the 
springing joint .6 from inner edge and the 
base of pier .15 from its outer edge. 

The experiments that we have just con- 
sidered, very clearly indicate the fallacy of 
that theory which supposes that if a line 
of pressures passes outside the inner third of 
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the arch riag, that it must fall. On the 
contrary, in every case of stability of 
the arches previously given, it is impossible 
to draw a line of pressures everywhere con- 
tained within the inner third of the arch 
ring. In fact, if such vere attempted it 
■would be found in every case that such a 
lino of pressures would pass outside the 
base of the piera, or of the arch if uaed 
alone. 

It is hardly probable, in most actual 
arches, that this line of pressures ever keepa 
within the inner third. 

Theoretically, for the vonssoir arch, there 
is no foundation for such a theory, and we 
confess to astonishment when we read in 
Prof. Eankine's "Engineering," Art. 280, 
"It is true that arches have stood, and still 
stand ia which the centres of resistance of 
joints fall beyond the middle third of the 
depth of the arch ring ; but the stability of 
such arches is either now precarious, or 
must have been precarious while the mor- 
tar was fresh." 

As we have just asserted, in our experi- 
ments " the centres of resistance of joints " 
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invariably fall outside the middle third, for 
certain joints, and if an experiment were 
made with a 50ft. arch it is not probable 
that at the joints of rupture, the centres 
of resistance would be found as far baclc 
from the edge as J or even -J the depth of 
joint 

It may be well enough on account of the 
shocks to which bridges are subject to de- 
sign an arch io which a line of preseures 
may be drawn within the inner third, but 
it is by no means necessarily true that the 
line of pressures can never pass this limit 
without the siabilily of the bridge be- 
ing rendered precarious, though it would 
seem that this error has likewise been 
received in France (see "Traite de la 
Stabilife," etc., p. 220) by eminent mathe- 
maticians. 

This subject will be referred to again in 
Art. 10. In all the experiments with arches 
the same voussoirs were used in the same 
positions each experiment. 

Evfcry experiment is given that was made, 
so tliat the reader may judge for himself 
how far the theory of Dr. Sheffler is estah- 
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lished. No force diagram was drawn un- 
til after, and in some cases long after, the 
esperimect was made ; and no second trial 
was resorted to in any case. 

All other writers but Dr. SDheffier, so far 
as tlie writer knows, have left the true line o£ 
pressures, in many cases at least, perfectly 
indeterminate, and it is Dr. Scheffler who 
has raised that in determination by means 
of the principle of the least resistance and 
given us a theory which is upheld by ex- 
periment. Some authors actually as- 
sume the line of pressures to pass through 
the middle of the joint at the crown and 
springing. 

It is evident how niuch more incorrect 
this is even than the fallacy of the " middle 
third.' ' 

Meventh Eipp)i7ie>i—Vig P ^^ ith 
this same Gothio aich a segmental circular 
arch was now mide of 2i 24m span and 
7in. rise; the vous'soir bemg is betoie 2 
deep and 3 Oo thick 

"With 7.6 vs on the summit th t aich 
balanced; the weight bemg placd <n a 
small stick lestmg on the s imimt With 
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a greater weight rotation oceurreJ i 
joints 0, 2 and 4, the crown falling. 
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Via 13. 



On trial it was found that the true line 
of pressures passes .15 from the edgea at 
joints 0, 4 and 2 ; giving the characteris- 
tics of both a masimum and a minimum 
thrust. We find 



Q = - 



z 9.21 vs. 
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This horizontal thrust, is greater tliaa 
we have hitherto had, and probably ac- 
counts for the line of pressures retreating 
.05 further, in the arch ring, than we 
found for the Gothic arch. The construc- 
tion is precisely similar to previoue ones ; 
the dotted line in Fig. 13 representing the 
line of pressures. 

The ends of this arch required fastening 
tacks thrust into the board and pressing' 
against voussoira 4, .03 above the springing 
as in the first exp., with the Gothic, to 
prevent sliding. The thrust on joint 4 
made an angle of 50° with the normal to 
that joint. 

11th Exp.— Wii\i. this archresting on 
piers 3.63 wide, 5.8 high and 2. thick, each 
weighing 1.5 vs. the inner edge of pier be- 
ing on a line with the springing, the arch 
balanced with .5 vs. on the summit. 

We find, by eoustructing a line of pres- 
sures passing ,15 from summit and the 
intrados at the third joint, that it cuts the 
base of pier .24 from its outer edge. Beal 
arches have no mathematically plane 
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jointp, and therefore bear on the most ele- 
vated point 9. 

This of itself may account for any slight 
discrepancies that we may meet with. 

Some of Mr. Bland's experiments may 
now be tried, and they will be found to 
agree with the theory above enaundated. 

Thus in his first experiment, with a 
semi-circular arch of 24 in. span, the 
Touesoirs being of wood, 2.5 deep and 4 
thick, the arch being composed of 20 
voussoirs ; it stood with a weight equiva- 
lent to 2 vs. on the summit; falling with 
2.5 Ts. 

The line of pressures passes veiy near 
the estrados at the crown and springing 
joints, and very near the intrados, half 
way between the crown and springing. 

As in this experiment the weight proba- 
bly bore on some extent of surface at the 
crown, and as the details of the method 
used to keep the bottom voussoirs from 
sliding are not given, and as besides the 
arch could not have been an exact semi- 
oireular, if the voussoirs were 2 in. in 
length {along their centre line from mid- 
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die to middle of joint) the coustruction 
eyidently shows only an approximation to 
the ti'uth. The same remark applies to 
some other of the experiments. 

The second esp. with a segmental arch 
is equally illnstratiTe of the theory ad- 
vanced, as also Exp. 5. In Figs. 51, 52 and 
53 of arches on low piers, we likewisa 
have a proof of the theory in question. 

rig. 51 of Mr. Bland's treatise represents 
the aemi-circular aroh just mentioned, 
balancing on piers 7 in, high, the base 
measuring 4x4. The line of pressure 
passes near the summit, near the intradoa 
at about 30° above the springing and near 
the outer edge of pier. 

The lines of pressure in the arches, Figs. 
52 and 53, pass through, or very near the 
summit and Bpriiiging, and the outer 
edge of the piers. 

Figs. 55 and 57, of Jlr. Bland's treatise, 
represent Roman arches on piers, ■which, 
together with Figs, 54 and 56 of Gothic 
arches on piers, and Figs. 45 and 46 of 
Eoman arches with weights on thom (expa. 



T, Gooylc 



10 

•with low piers), may be used to further il- 
lustrate Dr. Scbeffler's theory. 

In Chapter III of Mr. Bland's book are 
given numerous esperimeDts of the effects 
of a horizontal force applied to the 
top of vertical piers built up of bricka of 
various heights and areas of base. 

The reader will probably be surprised 
to find that, in the first 32 experiments 
given, if we regard the piers as solid, the 
actual horizontal forces exerted, to cause 
tumbling or rupture of some kind, waa 
only three fourths, on an average, o£ the 
theoretical force re^juired to causa over- 
tuming about an edge. The manner of 
rupture is not given by Mr. Bland, but it 
is evident eapeeially from a considera- 
tion of his I'ig. 26, that rupture was caused 
by sliding or sliding first and overturning 
afterwards. 

In the few experiments of this kind by 
the writer, sliding usually occurred, even 
with brick piers ; though overturning fol- 
lowed the sliding. Each brick seemed to 
have a different coe£B.cient of friction, so 
that for these light piers, sliding often 
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occurred BOme distance down from the top; 
though for blocks with the same angle of 
friction, the sliding ought to have occurred 
at the top. 

It is true that in any case of overtum- 
ing, the pier breaks along a diagonal and 
compresses at the edgea, so as to cause 
leaning before OTertuming ; biifc this can- 
not alone account for the discrepancy 
mentioned above, perhaps. 

Idth Exp. To form some idea of the 
action of mortar of different degrees of 
hardness, pieces of cloth .07 thick when 
not pressed, and .04 thick when pressed 
between two flat surfaces by the hands 
were put between the joints of the Gothic 
arch, (Fig. 11), each piece weighing .015 
Toussoir. 

TIiG epan ■was then altered until the 
ioinfcs were all close, when it was found 
to be 14.57, the riae to the apex being 
.4.55. On placing a drawing-board by 
Lde of this arch and tracing its con- 
curves, they were found to be very 
nearly arcs of circles, though not with 
their centres at the springing points. To 
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locate them ; measure horizantally from 
the springing points. 32 towards the mid- 
dle of the span, and then vertically down- 
wards 0.1 .to the centres, from which the 
arch may be drawn. 

This arch balanced with 4.6 ts. at apox. ; 
felt with 4.(>5 ts. The limiting lines to 
the curve of pressures, \7as found to be 
distant .3 = ' depth of joint from the con- 
tour curves, at its nearest approach to 
them. 

This arch spread outwards upon the 
application of the -weights, joint 2 being 
the point of rupture at the haunches ; 
hence it is evident that if tliere had been 
a solid spandrel, or in this case, simply the 
pressure of the hands, to resist this 
spreading, that the arch would not have 
fallen. The spandrel would have supplied 
horizontal forces in addition to the verti- 
cal ones due to its weight. 

If the spandrel were not solidly built, 
at least up to joint 2, there would neces- 
sarily be derangement o£ the arch. 

The curves of pressure were drawn in 
all tlie foregoing experiments, not taking 
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into consideration the last mentioned de- 
rangement of the arch ; which, in the last 
case especially, would have caused this 
curve to pass nearer the edges. 

In fact, in most of the experiments, 
just before rotating, the edges alone 
seemed to be bearing. In the ease of the 
simple Gothic, without cloth joints, when 
a sufficient weight was applied at the sum- 
mit, the joint there, and joint 2, opened 
sensibly before the balancing weight waa 
put on. The segmental arch flew out at 
the second joints, falHng at the crown, only 
opening when near the balancing point. 

Isolated weights applied at the summit, 
do not occur in practice, and. it ia hardly 
probable that a well-built viaduct, whose 
inti-ados is a segment of a circle, and of 
the propoctions given in Fig. 9, with their 
joints only ^ in. say, will spread appre- 
ciably after the mortar has well set ; and 
thia is necessarily a stronger form of arch 
than the semi-circular, elliptical, or hydro- 
static, where the spandrel thrust is gen- 
erally required to cause stability. 

If the latter profiles are clesirecl,.let the 
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depth of the vousaoh-s be inci-eased to- 
wards the abutment, so as to teep the 
hne of pressures withiu the proper limits 
of the aroh ring, when the constructor 
will be assured of stability. 

It certainly seems singular, that engi- 
neers should ever recommend aa ai-ch like 
the hydrostatic, which necessarily re- 
quires a very effective spandrel thrust to 
keep the arch from tumbling down. 

The spandrels must in such cases be 
built with the same care used wifclt the 
arch stones ; thus inereaslng the expense, 
while really losing in strength. 

lith Exp. In the joints of the same 
Gothic arch, pieces of soft woolen cloth 
.15 thick when not pressed) and .1 when 
pressed hard between two bricks by the 
hands, were next ineerted, each piece of 
cloth weighing .027 voussoir. The span, 
when the joints were close, was fouud to 
be 15 in. ; rise to apex, li.63. The cen- 
tres for describing the contour curves 
were 1.07 in. from the springing points 
measured horizontally towards the middle 
of span. 
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This arch balaneod with 2.B vs. on the 
apex. 

Assuming this arch to preserve its 
figure, the liurve of pressures passes about 
one fourth the depth of joint from the 
edges at its nearest approach to them. 

Tiiia experiment gives us some idea of 
the effect of thict plaslio mortar joints or 
of uucentreing au arch with fresh mor- 
tar joints. 

16th Exp. A Gotbio arch of about half 
the dimensions of the first given in Exp. 1 
was cut out ; really, before the arch we hava 
just been considering. 

It was not found to be symmetrical aa to 
■weight, one half weighing '^ of the whole 
arch more then the other half. Still as 
arches in practice are unsymmetrical as to 
weight at least ; it will be interesting to 
Itnow, that assiiming this arch to be sym- 
metrical the curve of pressures passes .075 
from the edges at the joints of rupture, 
more especially with weights at the apex. 

All the preceding experiments were re- 
peated with this aroh and the saiiie laws 
approximately established. 
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In tlie esperimeut with the cloth joints, 
the cloth was .05 thick not pressed; -04 
■when pressed hard by the hand. The 
■curve of pressures ivas found to pass .1 
from the edges at the joints of rupture, with 
a weight on tlie apex, and nearly so in the 
pier experiment with no weight on the 
apex. 

16S/t Uxp. Mr. Bland gives, (p 21,) an 
example of a Gothio arch of 24 in. span, 
voussoii-s 2.5 deep, which fell of its own 
weight ; though it was partly built of flat 
bricks, which accounts for its falling, for 
on making an arch of the above proportiona 
it not only stood easily, but all the above 
principles were approximately established 
by it. I'he arch was not perfectly symmet- 
rical as to weight, and was composed of 16 
vouaaoirs ; span 10.7 in. 

The line of pressures passed within .075 
of the edges at the joints of rupture. 

The arch given by Mr. Bland, was prob- 
ably not a true Gothic, or the joints did not 
fit along their whole extent ; a sufEeient 
hint to the constructor to exercise every 
care in these particulars in building. 
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It is to be regretted tliat iu tlie esperi- 
ments given by Mr. Bland, where baolcing 
■was used, that he does not state its thick- 
ness, escept in the case of some experiments 
with models of bridges. 

In the model of the Eooheater bridge, 
Pig. 81, where the hackiiig was carried up 
on a level with the aummit of the arch ring, 
.the line of pressures will be found by the 
method of Art. 8 to pass very near the edges 
at the summit, the springing and the outer 
edge of pier. 

This experiment especially shows the 
error of pafising a curve of pressures 
through the middle of the joints at the crowa 
and springing, or witliin the middle third 
of the arch. 

The bridge would have tumbled on, 
either supposition. This bridge was 100 ft. 
spaa, and 15 it. rise ; the model hav- 
ing a span of 15 iu. and a rise of 3.75 
inches. 

A series of extensive experiments OE 
large arches, of stone or even wood, some- 
what after Uio manner of these, is much to 
be desired as they would show us practically 
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tlie efleot of tlie eompressibility of the ma- 
teiials upon the line of pressures. 

Thus eunpoae stone or even wood archea 
of 10, 20 30,40 50 aul 100 fLetsiaaato 
be cut out, and the bilancmg we ghts at 
the crown, found Iho distanco tliat tho 
lino of piessutef retieats fiom the edges 
follows an 1 wo thus have practical data to 
work from in designing similar aiches , 
besides the las\ of that compiessibilitj may 
foe approiimatel) found 

An example wdl now be given of a combi- 
nation of the method used by Dr. Scbeffler 
and that by the writer. Calling r, in Fig. 
14, the radius of the extrados, r,, that of 
the intrados and n the proportion of the 
circumference included by the v 

liave its content = - - ■ ^ - ' ■■ for a 

of 1. Now this is equal to j the depth, (r—r,) 

X the middle length ( "~^^"x2~ I 

5= -~ — ; hence measure the middle 



length and depth on a drawing, their pro- 
duct will give the required volume, 
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We now fovm tlio following table for Fig. 
14, ■where tlie dimensions of the voussoir are 
given just below the dimensions of the cor- 
responding surcharge. This manner of coa- 
aidering the voussoira and surcharge separ- 
ately 18 continued until in columna S and 
M, the quantities referring to the aame 
joint ai'e eombined by the continued addi- 
tion of the quantities in columns S and M 
eepariitely. 

If the vouasoirs are taken the same size, 
there is really no necessity of entering thGir 
dimensions ; simply giving their common 
area in columns. 

This manner of computing the surfaces (S) 
and their leoer arms (0) is particularly ap- 
plicable in the case of tunnel arches, which 
often have quite a depth of voussoir; as for 
example the Thames Tunnel, whose span ia 
14 feet, the depth of the arch ring being 3 
feet. 

This method gives all the accuracy that 
is necessary in practice ; expecially as arches 
are nover symmetrical as to weight, and 
besides tlieir spreading, if any, at the 
haunches requires an allowance to be 
made. 
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In experiments witli arches witii a back- 
ing, this method is especially applicable, 
particularly with full centre arches. 

The decimals in the foregoing table are 
not can-Led out as far as they should be in 
practice. 

10. — The mannor in which rotation occurs 
in aa arch will be made clear from a con- 
sideration o£ Figs. 6 and J5. Suppose the 
resultant E to pass outside the arch ring at 
any point, and that it is not opposed by 
any resistaace ■ 




We see, that 
there is a couple 
PiK^foimod together with a force equal and 
il to E acting in the direction of E &t p; 
which last is resisted by the compressive 
reaction at the joint. The couple E, E 
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can only be resisted by a couple; bence 
if there are tensile forces towards a, 
to be combined with the compres- 
sive reactions, a reaisting couple may be 
formed of sufficient moment to maintain 
the equilibrium, and this is what usually 
happens in a solid arch of east iron or con- 
crete, etc. ; but it is evident that if the joint 
can supply no tensile resistance, as in the 
case of a plane joint vrithout mortar, or 
■with mortar whose cohesive strength is null, 
then rotation must occur, as there is an 
unbalanced couple to produce it. 

In fact {see Fig. 6) if the resultant E in 
any compressible arch, without tensile re- 
sistance at the joints, approaches nearer 
the edge than its limiting position, an un- 
resisted couple is at once formed and over- 
turns the arch. 

To consider the voussoir arch, whose 
joints can supply no tensile resistances, 
further, let us suppose first, the resultant 
Ej (Pig. 6) to be in the centre of the joint; 

the forces f- - -,j' may for a email joint 

be regarded as uniformly distributed. Sup- 
pose now the resultant E to move towards 
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tha edge b, slightly ; tliere ia etill only 
eompression on the joint, though its dis- 
tribution is according to some untiiown 
law. There ia no couple formed until R 
has paaaed its limiting position, as is clear- 
ly shown by the preceding experimeata; 
otherwise rotation would have occurred, 
■which however did not happen. 

In fact in moving the position of the re- 
sultant(Fig. 6) from the centre of the joint 
towards S, the stress becomes greater at 
b than at a ; and some line s s' will limit 

the values of the elementary forces/ 

f -, representing them by arrows as.iu 

the figure. 

We cannot, however, locate the line s s' 
with our present knowledge, escept in cer- 
tain positions of E for solid arches, whero 
actual tensile forces are brought into play ; 
the usual theory for that case being aa fol- 
lows : Suppose the resultant E to be ti'eat- 
ed as in Fig. 15, the two equal opposed 
forces being supposed spphed at the neu- 
tral axis or centime of gravity of the cross 
section of the beam. 

The couple E k" is resisted by the tensile 



T, Gooylc 



84 



and compressive resiatances, acling respect- 
ively on either side of the neutral axis, as 
in the case of ordinary flexure of a team. 
The remaining force, acting \\ and in th& 
direction of E, at the neutral asis, being 
decomposed into ita elements, adds to some 
of the forces brought into play by the couple 
E E and subtracts from, others. 

Fig 16. ^^^ ^^ supposo the result- 

ant It to approach the cea- 
tre of gravity of the cross 
section ; when it reaches a 
point a, which is ^ the depth 
of beam from the centre of 
gravity, for a rectangular 
cross section, varying for' 
other forms, there are no 
real tensile forces exerted at 
the joint (Fig. 16); and as a 
approaches nearer the centre 
of gravity the determination 
of the elementary forces at 
any point becomes uneer- 

In the solid arch, when 
R is farther from the centre 
of gravity than the point a, tensile 
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forees are exerted about the farther edge, 
which, together with the compreaaive 
forcee, form a couple, which transports 
the resultant R nearer the centre of grav- 
ity of the cross section. 

In the voussoir arch, whose joints op- 
pose no tensile resistance, however, there 
is no resisting couple to effect this trans- 
fer of the resultant, and it ia absurd to- 
suppose the two equal opposed forces at 
the neutral axis, in which case the arch 
cannot be supposed to resist the couple 
inevitably formed; with the same propri- 
ety might the two opposed forces be sup- 
posed, in the first instance, on the farther 
side of the arch ring ; and yet certain 
authors seem to think that the line of 
pressures cannot pass outside the middle 
third of the arch ring without a couple 
being formed, and rupture ensuing, 
whereas our experiments have clearly 
proved that for the arches used this line 
of pressures passed on an average only^'j 
the depth of joint from the edge at the 
joints of rupture, without rupture ensu- 
ing. 
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As the joints opened in mitiiy of the 
«xps. before rotation occun-ed, it is evi- 
dent that if the joint iiad been capable of 
offering tensile resistance, that it would 
have come into play, and prevented tlia 
opening ; thas oarrjiug the resultant 
nearer the centre and causing a more 
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\ distribution of the resistance ontiie 
Joint, than where the arch opposed no 
tensile resistance. Hence the utility of 
concrete arches, which can oppose auch re- 
sistances, as also of solid metal and timber 
arches. 

A good illustration of the agreement 
1 algebraical formulas and graphic 
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COBstr notion, may be had from a eonaicl- 
eratiou of two inclined rafters leaaing 
against each other, one of which (sup- 
posed of very small cross- section) is rep- 
reeented by ab in Fig. 17. 

Reasoning as in Art. 2, we see that the 
thrust at the crown is horizontal ; and if 
cU = weight of beam drawn throagh its 
centre of gravity, ^ c « is the horizontal 
thrust. 

Divide the length of the beara into any 
namber of equal parts, four in the figure; 
combina as by the ordinary method, tlie 
horizontal thrust, at a, with the weight of 
the first division of the rafter, acting 
through its centi-e of gravity. Combine 
this resaltant with the weight of the nest 
division and so on. The last resultant S 
should pass through b and equal the 
ibrnet there, Td and act in the aame direc- 
tion. The other method of construction 
adopted in this article may likewise bs 
used, particularly for many divisions of 
the rafter. The bending moment on 
joint I is the length iT, multiplied by a 
perpendicular, from tlie neutral axis at 
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Joint I, to its direction; tLat on joint II is 
22 X perpendicular from II, to its diree- 
ition and so on for the others. 




Kow if by the usaal formulas for an i 
alined boam, we calculate these ii 
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they will be found to esactly oori-89pon«l 
to those fouud above, mostly by graphic 
constmction. The curve of equilibrium 
ni2346, as tlie curve of pressures is some- 
times called, is, for a beam of uniform 
weight per unit of length, a parabola, 
■whose vertex is at a, as is well known. 

The component of any resultant, per- 
pendicular to the beam, is the shearing 
force on the joint to which the resultant 
corresponSs ; the parallel components 
give the direct compressive force on the 
beam. 

By algebraical formulas, we know that, 
the bending moment at I is equal to that 
at III, that at a and J, being zero ; alsO' 
the shearing force at a equals that at b, at 
I, that at III ; all of which we find by this 
partly graphic method. 

Figure 18 represents two rafters 9.92; 
in length, 1.9 width (dimension in plan© 
of paper) and 3.60 thick, leaning against 
each other at the top and against piers 7.T 
high, 1.98 wide and 3.6 thick at their bot- 
tom edge, which is moved back 0.6 from 
the edge of the pier. The horizontal dis- 
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tance between tlie vertical piers ia 10 in., 
so thafc the feet of the rafters are 11.2 
apart. Each rafter weighed 2,3 ts.; each 
pier 2. vs. The rafters and piera just 
balanced in this position. 

Eeasoning as in Art. 2, we see that the 
thrust at the n e e 1 e of contact ot 
the rafters is bo ont 1 1 nee draw a 
vertical line th h tl e tre of gravity 
of the rafter e i al to ts w ^ht ; the re- 
sultant on tl e lows e Ige of the rafter 
passes through th sel^ wh ch combined 
with the weight of the pier acting through 
ita centre of gravity, gives the reaultant 
thrust on the base of the pier. In this 
case it strikes twenty-two hundredthB(.22) 
from its outer edge. 

There ia to be found in many atandard 
works an erroneous theory of this case, 
which supposes half the weight of the two 
rafters to be suspended at the upper 
points of contact. E the reader will de- 
compose thia weight into its two compo- 
nents acting along the rafters, and then 
combine a component with the weight of 
the pier, be will find that the finalreault- 
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ant'will pass .83 outside the base of the 
pier, and yet it stood well. The same 
thing may be seen on investigating Mr. 
Bland's esps. on rafters, p. 70. Until 
swch palpable errors as ■wo have noted 
along, are espunged from test books, 
the young engineer cannot be said to 
have a safe guide in the tlieoiy of bis pro- 
fession ; and y° old practical man will 
ever smile at tbe attempts to reconcile 
theory witb practice. 

The next Fig. {19.), represents a ratter 
and pier of the preceding experiment ; 
the rafter leaning against a vertical rough 
plastered wall by its edge, the lower edge 
resting on the pier 1.03 back from its in- 
ner edge. This was the balancing posi- 
tion. The construction is as before ex- 
plained in Art. 1, for Fig. 1. 

After several trials, assuming as we 
found in the preceding experiment that 
the resultant strikes .22 from the outer 
edge of the base of pier, it was found that 
the direction of the thrust against tha 
wall was inclined about 35° to the hori- 
zontal, which is aboiit what we should 



T, Gooylc 



92 

imagine tlie angle of friction of the- 
e^e on the wall was. This proves the- 
first proposition in Art. I. Even if the 
thrust at the upper edge be assumed hor- 
izontal, it will be found that the final re- 
sultant passes outside the base of pier ; 
hence, such an assumption is false. The 
construction (Fig. 19-) by extension, will 
also show that .32 v. of the rafter is sus- 
tained by the wall, 1,98 T. being sup- 
ported bj the pier; i. e. about one seventh 
of the weight of the rafter ia upheld by 
the friction of the plastered wall. 

On leaning a half arch against a wall, 
it was found to balance on higher piers 
than when the other half was placed 
against it. 

11. It would bo beyond the scope of 
this article, to follow Dr. Scheffler in the 
discussion of horizontal, as well as verti- 
cal forces applied to the arch, which how~ 
ever presents no difSeulty. As all in- 
clined forces can be resolved into vertical 
and horiaontal components, it follows 
that his discussion apphes to any form of 
areh, solicited by forces inclined in any 
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direction. A profile may be designed, by 
simply aaaiimiiig first some form of arcli 
deemed tbe best; tlien drawing its curve 
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of pressures for the load passing througfc 
the middle of the joints at the crown and 
springing, and taking this curve as the 
centre line of the desired arch ring, when 
it will generally be found that .the curve 
of pressures for this last arch will remain 
everywhere within the proper limits; a- 
second trial being rarely, if ever neededj, 
in practice. 

Thus we find that the strongest form 
of arch, with a very high surcharge of 
masonry is the parabola. Dr. SehefHer 
found by a construction of this kind 
that the ellipse was the beat form for an 
underground tunnel. 

The simplicity and accuracy of Dr^ 
Scheffler's method must commend it to 
igineers, 



USSTMMBTHICAL AECHES. 

12. Dr. Soheffler demonstrates in this- 
case, for incompressible voussoirs, what 
curve of pressures corresponds to the 
minimum of the thrust, and is therefore 
the true one. It would lead us too far 
here to enter into this discussion. The 
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moat usual ease, being probably the only 
one met with in practice, furnishes this 
characteristic tor the minimum thrust; that 
it has two points of contact with the intra- 
dos and an intermediate point common 
with the extrados, which is identical with 
what we have before founci for symmetri- 
cal arohea. This case includes that, where 
the points of meeting the iutraclos are at 
ihe springing. 

There is a joint, EF (Pig. 20) generally 
near the crown at which the thrust is 
horizontal. "Where the arch is only so- 
licited by vertical forces, by compounding 
them with this thrust, as before, we find 
the resultants on every joint, and it is 
evident in this case that the horizon- 
tal thrust is the same all through the 
arch. 

It is more convenient however, to find 
the inclined thrust at the crown and com- 
bine the partial weights with it, to find 
the resultant on each joint. 

Frohlem : To find this inclined thrust 
and its point of application ; 

Let I, L, K he three points through 
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Tvbicli we wisli to pass a curve of prea- 
aures (Fig. 20) mib a horizontal line 
drawn through the highest point of the 
Ds, and let there be ; 



Q the horizontal thrust^ i 
iroiital component of any oni 
of the pressures acting through I, L, K.; 

P the vertical comjjoncnt of the prea- 
Bure S at the crown joint, which will be 
considered positive, if it is dirocted up- 
wards, as regards pressure from the right 
part upon the left; in fact P may he re- 
garded as a supporting force, when to the 
right of the joint E F, for if the arch only 
extended to 0, P would be the weight 
that would be supported or resisted there ; 
and so for any point of the arch to tne 
right of E F. ' 

Let 5, be the vertdcal distance of the 
point of application of S below the hori- 
zontal ACS ; (ji, hi ; g„ h. ; g„ h„ the hori- 
zontal and vertical co-ordinates of I, K 
and L as to the point C as the origin ; 

P'j P", P^", the vertical components of 
the pressures acting through I, K and L ;. 
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I'l, Pj, Pj, the weights of the scgi 
I, CK, CL, with their loads ; 

Pii Pi, Pi, the horizontal distances of 
the centcea of gravity of these segments 
from the point C. 

To abbreviate, let us put : 

g,~p, = a., g,-p, = a, g,-p, = a, 

h,-q = b, h.-q = b, hj-q^ -=b, 

gjsg, = di gi-gj = d, g,sg, = d, 

L^-hs = e, h,-h, = e, h.-h, =. e, 

■\Ve have : 

■pi+p=P, - (_1) 

P'l — p=P,- . (2) 

a,p._g, P = b, Q (3) 

a^F.Xg.P^b.Q (4) 

a,P.-g,P = b.Q (5) 

IE the third given poiot L of the curTe 
of pressures is upon the joint at the crowu 
C, the value of q is known, and we have: 
gj =o, hi = q, P;= 0. From eqa. (3) 
and (4) we find 
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If L is not iipon (ho joint at the summit, 
m find* 



l(,Cf|P,+ Oa'?iP,-03djP3 



9-^'. - ' Q- (10) 

Example 1. Fig. 21 represents the same- 
■riaduet, before considered in Art. 8, with 
a load of 40 tons on 15 feet of length over 
divisions % 3 and 4, on one side of the 
arch only. Table 1 (Art. 8) refers to the 
right half of the aroh : table 2 of the- 
same article to the left side. 



' Add (i) and (S) and call the Slim eq. (13);aIao 
subtract (5) from (3). Place the Tallies of Q equal 
to each other in this last eq. andeq. [13); reducing, 
bearing in mind that dj-dj =^3. ej-ej ^«i, &c., 
we find P as in eq. (S>. Substitute this value of 
P ju8t foundineq. (11) and deduce Q, whicli gives 
eq. (9). Eqs. (6) and (T) are only particiJar casea of 
eqe. ^!^), (9) anil (10) when V., = 0. 
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Let us pass a curve of pressures tlij-ough 
the middle of the crown and through a 
point, on each springing joint, ^ depth 
joint above its lower edge. 

We find from the drawing and tables 

^, = Sr, = 25.G, b, = b,= 10.75 

P, = 330, p, = 15, «, = 10.6 

T, = 236, p, = 16, a, = 9.G 

Prom (6) : 
P = -^"f-Trf---— = 24 cubic ft. of stone ; 
from (T) : 

Q = ^i^~:?i-? = 208 cubic ft. of stone ; 

Prom M, the middle of the crown joint, 
lay off downwards MN=P, also Nli=^Q on 
the horizontal through N ; MH will then 
represent the resultant on the crown joint 
in direction position and magnitude ; and 
by combining it with the weight of each 
artificial voussoir and load, on each side of 
the crown, each acting through its centre 
of gravity, we evidently obtain the result- 
ants on the various joints indirection, po- 
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eitjon and ■ magnitude, and therefore caB^ 
trace the curve of pressures. For example, 
to find the resultant on the third joint on 
the left side of the arch : draw a horizon- 
tal line through M and lay off on it the 
distance of the centre of gravity of the 
three first divisions, from M, which by 
Table 2 (Art. 8j, column 0, is found to be 8.8. 

Draw a vertical through this point and 
from its point of intersection with mH, lay 
off upwards the weight 159 (column 8) of 
the three divisions in question. 

From the upper extremity of this last 
line draw a line || and equal to MH ; com- 
pleting the parallelogram, of forces as per 
figure, the point where the resultant cuts 
joint 3 is the centre of pressure of that, 
joint, and the resultant is given iu magni- 
tude, position and direction by the diago- 

The construction for the other joints is 
the same. 

The nearest approach of the curve of 
pressures to the extrados is on joint 2, of 
the left side of the arch, where it is only 
three tenths (.3) of a foot (on a large scale- 
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drawing it was found to be .35) from the 
edge. The nearest approach to the intra- 
do8 is at joints 3, 4 and 5 on the right, 
being only about ,7 to .75 from the edges 
at those joints. Hence if we desire the 
curve of pressures, with this load, to remain 
in the middle third of the present arch 
riag, we must increase its depth about .(i ft, 
making the arch stones 3.1 ft. in depth. 

It will be interesting to compare some 
empirical formulfe with this result. Dr. 
Eankine gives * for the "depth of key- 
atone for a single arch. 

in feet = Vila x radius at crown)" 
= VTa x"3q;3D = 2.1. 

Depth of keystone for an arch of a series, 
in feet = vT-lTx" radius at crown = 2.5. 

Mr. J. C. Trautwine gives f for that span 
and rise 2.16 as the proper depth of key- 
stone. 

By interpolation from Dr. Seheffier's 
iables J we fiud that he recommends in 
this case 3.5 ft. depth of keystone. 

• " CivC Eujrineering," Art 290. 
I "Engmeer's Pocket-book," p 345. 
j "TraitedelaStftbiht6,"pp. 257, '277. 
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It must be remembered that wheE a lo- 
comotive passes rapidly OTer a bridge, that 
the principle of the least resistance can 
■only apply approximately, as it takes time 
for molecular resistances to come into play ; 
besides the shocks and concussions are 
the more damaging the smaller the bi-idge, 
hence while there is probably stability of 
the arch (Fig. 21) for a quiescent load of 
a 40-ton engine, it is not so certain foe a 
moving load of that weight. 

As the spandrels are Lot capable of ex- 
erting much resistance above joiut 2, it 
seems that it would be advisable to in- 
crease the depth of keystone to three feet. 

In faet while engineers have continued 
size of pieces in wood and 
heavier engines were wsed, 
in some cases to double the size once used, 
yet they recommend for stone bridges the 
same depth of lieystoae that has been found 
to answer for road bridges bnilt many 
years ago. We are indebted to Dr. Sche£E- 
ier, now, for the means of completely in- 
vestigating symmetrical or unsymmetrical 
arches, with any kind of loads, vertical or 
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inclined, upon the hypothesis of inconipres- 
Bible vouasoira ; beaiiea we may be said at 
last to have got upon the right tract of 
investigation as deduced from the princi- 
ple of the least resistance ; hence we should 
be no longer confined to purely empirical 
-formulffi. 

When we shall know the laws of elasti- 
city, the theory may be regarded as com* 
plete for a statical load. 

It looks probable, however, from a con- 
sideration of the esperimenta with the 
wooden arches, as well as eases in practice, 
that the theory for iacompressible materials 
is not modified greatly ; and it is more likely 
that severe ehoolcs may have a greater in- 
fluence in modifying that law, than the 
compressibility of the materials used. A. 
considerable margin should always bo left 
for these influences. 

Example 2. A load of 13.3 tons was as- 
sumed on division, 3 on one side, and it 
■was found that a cuiwe of pressures could 
be drawn, for this eoo eutric load, within the 
inner third of the arch ring. 

If the backing is raised higher, thus 
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making the bridge weigh more, a Tolling 
load ■will have less effect upon it ; hence 
a less depth of keystone may be used. 
Other things the same, it is a simple ques- 
tion of economy, considering the approach- 
es, whether to increase the height of sur- 
chai^ above the ai'ch ring, or the depth 
of the arch stones. The bridge considered 
could have the backing raised a foot high- 
er Tvith advantnge. 

Fig. 22 shows the effect of rolhng loads 
in different positions, on the piers ; the 
middle bay not being loaded but with its 
own weight, the end spans as per figure. 
The resultants at the springing joints we 
have before determined ; combining the 
two on any pier with the weight of pier, 
according to the usual rule for three forces 
not intevaecting in one point, wo obtain the 
linal resultants on the base of the piers. 
It is seen in Fig. 23, that in both eases, 
the resnitant falls inside the base a suffi- 
cient quantity for a rock foundation, 
though probably not for a soft one. 

It is seen from the figure that the 4I> 
tjns on both siides produce a more hurtful 
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effect on the jiior than ii 10 ton load on 
one aide only. 

By Gombraing the weight o£ abutment 
with the thrust on it, we find that the cen- 
tre of pressure on the foundation coiu-se is 
sufficiently within the limits for most oaaes 
m piactice 

The dotted 1 ne in tlie abutment gives 
the centiea of ptesame ot ill the forces act- 
ing on eacli jomt foi the joints in quea 
tion Foi example, to find wbeie thii 
centre of piesanie i^ ou tiie spimging 
line piodneed we combine the mi-lmed 
lesu'taut ou the aich jomtatthe spiingng 
with the weight of the ahutmeut ab^ve the 
spimging line act ng tl lo igU ita oentie 
of giivity This ie&nlfant miL.e'i au 
an^le ■\\itli tli'' \eitii.al of onlj 2j*' hence 
stiJiQg on the spimgmg coukp la not to 
be feared, if the abutment is solidlj built 
Thia nentie of pressure must not be con 
f innde 1 with the pomto ot greatest mten 
sity of stiesa which includei the '^pimging 
but i-aaa3t be farthei traced la the ibiit 
ment composed ot i, number of atones 

"\^o have considered the ^itabilit* of this 
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common form of viaduct imder every point 
of view necessary ia praetice, and in the 
same manner oan other forms of arch h& 




If in any ai'ch the first trial cui-ve passes 
outside the proper limits, mark the joint 
limits opposite the points of greatest depar- 
ture and pasa a curve through three points 
thus found by the use of eqa. (8), (9) and 
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(10). If the aroh has stability at all, it will 
generally be found tliat this last curve 
drawn will remain in the proper limits ; 
otherwise repeat the operation. 

It would lead us too far to consider in- 
clined forces, which are fulJy discussed by 
Dr. Sehefler and offer but little difficulty. 

First Ewperiment. The Gothic arch given 
by Fig. 11 will now be considered with an 
unsymmetrical load. A stout aeodle wag 
thrust into the second vousaoir from the 
crown on the right side, in the direction of 
a vertical through its centre of gravity, as 
represented in Fig. 23. With a weight of 
3.3 v8, on the top of the needle, the arch 
balanced ; opening at sumruit and lower 
edge of joint 1 on tho right. The voussoir 
to which the weight was added would have 
slid if pins had not been thrust into the 
edges of its joints, thus supplying a force 
analogous to friction, though not interfer- 
ing at all with rotation. 

We now form the following tables ; the 
first being condensed from the one refer- 
ring to Exp. 3, in Art. 9 : 
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As the crown joint boro near th.e lower 
edge and the first joint on the right near 
its upper edge; try a curve of pre.-jsurea 
passing .1 from those edjres and .1 from 
the esirados on joint 4 on thu left. 

We find 



«.= 3.64 
b, = 12.2 
P,= 4. 






fj, = 3.9 
«,= 2.2 
6, = 0,65 
P,= 1.0 


By Eqs. (6) and 


0) 


we 


find 


^ 3.64X.(;5X4 


-1 


3X1 a. y 
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3.64X4 +H.9X.32f ! 

P. is here minus, hence we ^lay it off up- 
wards, then measuring Q, to the right we 
get the resultant 8 at the crown from which 
the hne of pcessurea may be drawn as in 
Example 1 of this article. 

The line of pressures drawn with these 
values of P and Q passes .36 from the 
lower edge of joint 3 on, tlie right. It 
should pass the same distance from the edfjea 
at joint 4 on tlie left, tho crown and joints 
1 and 3 on the right, to correspond to the 
maximum and the minimum of the thrust, 
hence this cuive just found is uot the true 

In two more trials, it was found that the 
true line of pressures passed about .18 
from the edges just mentioned, as drawn 
in Kg. 23. 

Although the characteristics of the mini- 
mum and the maximum of the thrust are 
not demonstrated, the reader will perceive 
that there should be stability in this ease 
as the line of pressures is inside the proper 
limits. The lower edge of the crown joint 
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was imperfect, being tlio only imperfect 
edge in the arcb, and this may account for 
the line of pressures re treating farther in 
the arch than for a load on the summit as 
befoi-e considered. 

The thrust on joint 1, on the right, wag 
inclined at an angle of 15° to the normal 
to that joint, which ncoounta for the sliding! 
as the joints were plaaed and across the 

ind Eo^eriment.—Th& segmented arch. 
Fig. 13 was next tried with the eccentric 



A shortneedle waa thmstin voussoirS on 
the left, in the direction of the vertical 
through its centre of grnvity, as shown in 
Fig. 24: the arch balanced with 5.4 vouasoirs 
on the top of this needle. 

We form the following tables : 
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7.37 
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M , S M 





a'.i 


Bias |s;4k9:i5' 


2.03 
6,63 



The voussoir on which f!ie weignt was 
placed would have slid along its joints, bui 
for pins being thrust into its oclges in a 
manner that did not interfere with rota- 

The arch flew out at joint 2 on the right, 
hence a curve of pressures was tried 
.2 from the inner edge of this 
also tJie middle of ihe cro-wn 
the intiados at joint i on the left, 
rve indicated the true curve more 



.2 fro 
This 



i of r 



tried passing -2 distant from the intrados 
at joinb 4 on the left and the extradosal 
edge at joints 1 on the left aud 4 
right. In this cn.ae we liiid from tin 
drawing and the tables : 



the 



= 12.32 
= 5.80 



4.14 
2.21 



= 14.17 
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A, = 9. As = 0.8 A, == 9. 

P,= 9.4 Ps= 1.0 P,= 4. 

e, = 8.2 e, = e, = 8-2 

d, = 18.41 ,?, = 20.49 d, = 8.08 

From equationa (8), (9) and (10) we 
obtain 

5.8 X8.ax9.4- 8.8X8.3X4+2.21X0X1 

^ — 8.2xli6.49 ■— -"-"^ 

a 



,8X18.1 lx9.1+6.HxarHX4- 9. j]xa6.je 
».ax-:i0.4G-o 

= 5.3 



5.6Xfl.4-13. 3JX1.08 _ 
^ — y - ' "5^6""^ — ■'■^ 

On. constrncting tile curve of pressnrea 

with this data, we find that it passes .15 

from the intvados at joint 2 on the right 

and of coui'se .2 distant fcom the edges at 

joints 4, 1 and 4, as assumed; hence the 

le curve will probably pass about .18 

im these edges. This is nearly (.03 dif- 

■enee) what we obtained, for the limits 

im the edges of the line of pressures 

the 11th Exp., Pig. 13. The thrust on 

joint 1 on the left ia inclined 16°. 5 to the 

normal to the joint, nearly what we found 
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before. This sliding in this and the last 
experiment only occurred just before the 
balancing weight was applied ; the line of 
pressures travelling down the crown joint 
as the weight waa increased, untQ finally 
the direction of the pi-essure on joint 1 ex- 
ceeded the complement of the angle of 
friction. 

After patiently investigating all the pre- 
ceding experiments, we can not but 
conclude that Dr. Scbeffler's theory 
of the curve of pressures, viz., that it eof- 
responds to the minimum thrust that is 
consistent with the physical praperiies of 
the materials, is proved and beaiitifnlly il- 
lustrated by them. 

13. AnEJytical formulas for arohes are 
founded upon this hypothesis* ; that a 
curve drawn tangent to the resultant pi'ea- 
sures on the joiais, coincides, for all pur- 
poses of testing the stability of the arch, 
with the line of pressures of Dr. Scheffler, 

Now it is evident in the first place that 
the above hypothesis can only be proved by 

*Baiitiiie's Civil EnginMriiig, Art, 380, 
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inmimerable graphic constructions ; hence 
the hitter metliod is the real foundation of 
the first, if the hypothesis is shown to be 
correct by the eonstruetions. In the sec- 
ond place, the hypothesis ia near enough 
in some co-338 as e. g., our viadnct. Figs. 9, 
10 and 21, but that it ia not ao in other 
cases may be seen by drawing the tangent 
curve to the resultants, in tbe case of the 
oval of the Neuilly bridge (ScbeSler Fig. 
n,) about joints & and 7 ; the pointed arch, 
Fig. IV., at joints 4 and 5 ; as also the ex- 
periments with the Gothic arclies of this arti- 
cle, where the tangent ciirve does not cut the 
springing joints at tbe true centres of pres- 
sure, iiiid hence the true line of pressurea 
would not haye been given by the analytical 
formulas. In fact an arch may be perfectly 
stable, when this tangent curve passes out- 
side of the arch ring. Dr. Scheffler handles 
this and other tbeories with gloves off. The 
graphic method is so simple, and so little 
liable to error, compared with the other, 
that conatructors will probably prefer it in 
testing the stability of an arch. It must 
not be forgotten, though, that analysis has 



T, Gooylc 



118 

s the proper form of arch for 
many particolav kinds of load ; though the 
graphic method will effect the same thing 
by a83iim.ing our arch, drawing a line of 
pressures through the middle of the crown 
and abutment joints and then talcing this 
line for the centre of the arch. A second 
approximation will rarely he needed if the 
first form of arch is ehoeen with some dis- 
cretion. 

The graphic method is f/eneral and ap- 
plies to any conceivable arch, loaded in 
any conceii able way, symmetrically or 
otherwise. 

TiiQ theory of groined and cloistered 
arches, as well as domes, is treated by Dr. 
Scbeffler, making use of the principle of 
the least resistance to ascertain their sta^ 
bility. 
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